A general scheme is given for evaluating various matrix elements related to relativistic and QED corrections for the Schrödinger Hamiltonian within a variational approach. The nonrelativistic wavefunction is expanded using an exponential basis set of the Slater type for states of arbitrary angular momentum, where the rotational symmetry is expanded in terms of bipolar harmonics. Special emphasis is placed on numerical implementation of the algorithms described.
Introduction
Analytical evaluation of the matrix elements which are required for the numerical study of the Coulomb three-body problem was the subject of many early works [1] [2] [3] . In [1] a basic recurrence relation that allows one to evaluate the radial matrix elements (see equation (2) below) was derived. The approach of averaging over rotational degrees of freedom and reducing the matrix elements to radial integrals over r 1 , r 2 , and r 12 was studied in [2] . An applicable recurrence scheme that allows one to perform that reduction in a compact and efficient way was suggested by Efros in [3] .
In a recent article [4] , for the expansion which has been successfully applied in the numerical study of two-electron atoms, analytical expressions for various singular integrals required for relativistic and QED corrections have been derived. The aim of the present work is to derive analytical formulae and recurrence algorithms for evaluating expectation values of various matrix elements for a variational wavefunction of arbitrary angular momentum and spatial parity based on the exponential expansion
As was demonstrated in [5] , this basis set is extremely efficient in getting precise numerical results. It is universal and can be applied with the same success to systems with two light particles (helium-like atoms), systems of molecular type, such as the positive hydrogen molecular ion, and systems with comparable masses, such as the positronium negative ion e − e − e + and muonic molecular ions. In outline, this paper proceeds as follows. In section 2 the basic integrals and recurrence relations for a nonsingular case are presented. Evaluation of the singular integrals −1,mn (α, β, γ ) and −1,−1,n (α, β, γ ) (see equation (2)) is considered in sections 3 and 4, respectively. The generating functions which are required for more complicated singular cases when a singular integral is expressed as a linear combination of the integrals of equation (2) are written out explicitly in section 5. In the remaining sections we consider the calculation of expectation values for particular matrix elements such as the tensor term in the Breit interaction and the Q-term which appears in a pure recoil contribution of α 5 mc 2 order.
Basic integrals
As was shown in [2, 3] 
over internal degrees of freedom, where (l, m, n) is a set of integers-in general, non-negative integers but for some particular (singular) cases one of the indices or even two of them can be negative. In particular, all the terms in the Breit Hamiltonian are of singular type, while operators of the nonrelativistic Hamiltonian are of normal type.
Integrating by parts, it can be easily established that
and, thus, all lmn (α, β, γ ) for non-negative (l, m, n) can be generated from
A general recurrence scheme has been introduced in [1] , which, for convenience, we reproduce here in its original form:
;
This recursion is numerically stable since all the quantities which appear in the recurrence formulae are non-negative.
The singular integrals of the type (−1, m, n)
A generating function analogous to (4) is integrated analytically in a straightforward way: 
Using (6), other integrals of the type (−1, m, n) can be evaluated as follows:
Unfortunately, this expression cannot be treated similarly to the one described in the previous section. The factor 1/(β − γ ) makes the recursion unstable.
To circumvent this difficulty, let us rewrite equation (7) in the following manner (assuming that β > γ ):
and introduce a new variable u = (β − γ )/(α + γ ); then the following recurrence scheme can be introduced:
To generate an array of C mn it is convenient to differentiate first over the variable γ ; this produces a recurrence relation:
which is required to fill up a triangular set of terms (m, n) with m, n = 1, . . . , M + N and m + n M + N . The first layer is defined by
Finally, we write down the recurrence scheme required for evaluating a one-dimensional set of functions:
that completes the recurrence scheme for analytically evaluating integrals of the type (−1, m, n). However, when u is small, this forward recursion becomes unstable, and in this case a backward recursion:
should be used, where M is chosen in such a way that, if g M is set to zero, the error introduced at this step decreases during backward recursion to machine epsilon when a desired m is reached.
In particular, when u = 0 (or β = γ , which is quite a general case for systems with identical particles), one readily gets
that allows one to get rid of indeterminacies of the 0/0 type during numerical calculations.
The singular integrals of the type (−1, −1, n)
The next step is the evaluation of singular integrals of the type −1,−1,n (α, β, γ ) which are required, for example, to get the expectation values of the p 4 -operators. Let us start again from the generating function:
Here dilog(x) is the dilogarithm defined as in [6] (see appendix B). Then the numerical scheme can proceed as follows:
and
where
The last expression in this equation yields a stable recurrence scheme provided that the functions g 0 (u) = u −1 ln(1 + u) are treated as in the previous section.
Other singular integrals
The singular integrals of the type −2,m,n (α, β, γ ) are not integrable, but they are in general encountered only in combinations such as −2,m+2,n − −2,m,n+2 , which have some finite value. Thus what is required in this case is to find a generating function which gives a correct value for combinations representing integrable expressions. In what follows in this section, we present only generating functions for −2,m,n (α, β, γ ) and other singular integrals in a form suitable for use in numerical evaluations:
(14a)
The last two equations are used in the Bethe logarithm calculations to evaluate the kinetic energy operator for the basis which includes singular terms of the type r To get rid of the polynomials in α, β, γ in the numerators of the complex expressions above, the following recurrence can be applied:
Building up the tables of lmn for a required range of integer parameters (l, m, n), one can then use the general scheme described in [2, 3] to evaluate matrix elements for the states with arbitrary angular momentum. Only the case of the tensor term of the Breit interaction requires particular consideration and this will be discussed in the next section.
Tensor term
The tensor term is a part of the spin-spin interaction in the Breit Hamiltonian:
where µ i and µ j are the magnetic moments of particles i and j respectively. In the case of a helium-like two-electron system, its expectation value either is zero (when the total spin S = s 1 + s 2 is zero) or can be calculated in a regular way because the wavefunction vanishes at the coalescence point of two electrons. In the general case, however, the operator has a strong singularity at r ij = 0 and special care must be taken [7] . The general prescription is that the expectation value of the tensor term must be equal to zero for any spherically symmetric wavefunction.
Using this prescription we obtain that the reduced matrix element , and the standard angular momentum algebra technique.
Q-term
In this section the so-called Q-term:
introduced by Araki and Sucher [8] , will be considered. It arises as a recoil correction contributing to the order of α 5 mc 2 to the energy of a bound state. The matrix element 1/r 3 is divergent at low r and the expression in equation (17) presents a particular way to regularize this divergency. In fact, the expression which can be obtained from −2,0,0 (α, β, γ ) provides another way to get a finite value for this matrix element and it is easy to establish that the relation between these two quantities is
This expression is valid for arbitrary total angular momentum of a three-body system.
